Abstract-In this paper, a power split control strategy is proposed for an electric vehicle (EV) powertrain with two propulsion machines and a battery/ultra-capacitor (UC) hybrid energy storage system (HESS). The proposed power split control strategy consists of two stages. In the first stage, the load power is split between the two propulsion machines to obtain the highest powertrain efficiency in both propulsion and regenerative braking modes. A real-time implementable power split control strategy is proposed to benefit from complementary operation features of these two propulsion machines. In the second stage, the load power is split between the battery pack and UC in the HESS. To optimize the power split in HESS, a convex optimization problem is formulated to minimize the battery power magnitude and battery current variations to extend the battery lifetime. The implementation of proposed power split control strategy in the powertrain of an EV with two propulsion machines will potentially result in up to 10% improvement in the powertrain efficiency and up to 82% extension of the battery lifetime. The improvement of propulsion efficiency will in turn lead to up to 27% extension of all-electric driving range.
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I. INTRODUCTION
T HE MAJORITY of electric vehicles (EVs) on the market have only one propulsion machine in their powertrains. To enhance power performance and propulsion efficiency, two propulsion machines, with complimentary torque-speed characteristics, are coupled to the same shaft via a torque coupler could be deployed in the EV powertrain. A potential merit of using two propulsion machines is the improved powertrain efficiency and effective load power split. Another advantage of using two complimentary propulsion machines, instead of a single large machine, is that the space under the hood can be effectively utilized.
Nowadays, batteries are used as the primary energy storage devices in EVs; however, they are usually oversized in order to deliver high power and avoid the unwanted degradation due to frequent acceleration and deceleration. In principle, batteries have relatively high energy density. Ultra-capacitors (UCs), on the other hand, have high power density and excellent instantaneous charging and discharging capabilities [1] , [2] . In order to take advantage of these complementary features of the battery and UC, a battery/UC hybrid energy storage system (HESS) is considered. In the HESS, UC pack acts as a power buffer for instantaneous charging/discharging of high peak power [3] , [4] . In this way, the stress on the battery is substantially relieved, resulting in battery lifetime extension [5] - [7] .
Different power split approaches have been discussed in the literature. These power split control strategies are compared and classified according to their dynamic structure, complexity, applicability, and performance [8] . Power split control strategy based on model predictive control (MPC) is used in [9] . This control strategy may require heavy computation due to its complex structure. The state machine control strategy [10] , and rule-based control and fuzzy logic control (FLC) strategy [11] are also investigated. These methods are simple to implement, but they are dependent on heuristics and empiric expert experiences; hence, these methods cannot generate optimal power split results. In [12] , the load power is split based on the FLC strategy and wavelet algorithm, which requires high computational intensity. In this paper, a real-time implementable optimization-based power split control strategy is proposed for a two-propulsion-machine powertrain with a battery/UC HESS. The power split control strategy determines the optimal torque split between two propulsion machines to achieve the highest efficiency. In addition, a power split control strategy based on a convex optimization problem is applied to optimally split the power between battery and UC. This convex optimization problem is formulated as a quadratic problem for which efficient real-time solutions exist.
The main contributions of this paper are as follows. First, a real-time implementable power split control strategy is presented, which optimally splits power between two complementary propulsion machines to improve the powertrain efficiency. Second, a HESS power management strategy is proposed to extend the battery lifetime. Finally, six case studies are investigated based on the two-propulsion-machine scenarios and are compared with single-propulsion-machine powertrain topologies. This paper is organized as follows. In Section II, the system topology is introduced and analyzed. The properties of the two propulsion machines and their efficiency maps are also provided in Section II. In Section III, the torque split problem is formulated and solved. In Section IV, the HESS power split problem is discussed. Furthermore, a convex optimization problem is formulated with the objective function to extend battery life. Six case studies are presented in Section V. Finally, Section VI presents the conclusion.
II. SYSTEM TOPOLOGY
The proposed two-propulsion-machine powertrain topology with a battery/UC HESS is shown in Fig. 1 .
In the proposed topology, the propulsion machine-1 and propulsion machine-2 are denoted as M1 and M2. The two propulsion machines are connected to the same shaft. Thus, the rotational speeds of the two propulsion machines are the same. Each propulsion machine is controlled by an inverter. The inverter-1 is connected to the battery pack through dc link-1 and inverter-2 is connected to the UC module through dc link-2. The nominal UC voltage is set to 600 V and the battery voltage is set to 300 V. A bidirectional dc/dc converter is interfaced between the battery and the UC.
A. Battery Pack
This work uses a 28.2-kWh K2 Energy Lithium iron phosphate (LiFePO 4 ) 22650P battery. The specifications of the battery pack are given in Table I .
B. UC Module
BCAP1500 UC from Maxwell is used in this work. The specifications are given in Table II .
C. DC/DC Converter
According to the preliminary simulation results, the maximum power of the dc/dc converter is set to 35 kW [13] . The operation efficiency of the dc/dc converter is assumed to be 98% for both propulsion and regenerative braking in this work [14] .
D. Propulsion Machines
The adopted propulsion machines are the Camry MG1 for the machine-1 (M1) and the UQM125 for the machine-2 (M2). The efficiency maps of these two propulsion machines are shown in Fig. 2(a) and (b) .
The M1 can operate at high efficiency under low torques, while M2 operates with high efficiency at high torques, implying the complementary operation features of these two propulsion machines. The efficiency maps under different temperatures will be considered in future work to improve the model accuracy for different operation conditions.
E. Inverters
Two inverters from Rinehart Motion Systems are used in the proposed topology to control the two electric machines [17] separately. It is assumed that the inverter operation efficiency is over 97% with its input voltage in the range from 300 to 600 V [15] .
III. POWER SPLIT FOR PROPULSION MACHINES
To conduct the power split optimization, the load demand power under different drive cycles should be determined first.
A. Power Demand
The force impeding a vehicle in motion consists of three components, as shown below [16] 
where F IMP is the total impeding force, F RR is the force due to the tire rolling resistance, F AD is the force due to aerodynamic drag, and F GR is the force due to grading resistance. F AD , F GR , and F RR are calculated as follows:
where ρ is the air density, C D is the drag coefficient, A f is the frontal area of car, and v is the velocity of vehicle
where g is the gravity of the earth, α is the angle defining the slope of the road, and C r is the rolling resistance coefficient. C r is a function of velocity and can be expressed as [17] 
The values of different parameters in (4)- (6) are listed in Table III . Given the forces acting on the vehicle, we have
where δ is the mass factor that converts the rotational inertias of rotating components into translational mass [16] , a cc is the acceleration of the vehicle, F t is the total traction force to the vehicle. The total vehicle mass M is the sum of the chassis mass M 0 , the mass of the propulsion machines and inverters M mi , and the energy storage system (ESS) mass
Therefore, the traction force can be calculated based on (6). The traction force is provided by the propulsion machines. The traction torque τ on the propulsion machines can be determined as
where G r is the gear ratio and r wh is the wheel radius. The rotational speed of propulsion machines ω m and the load power P Load can be calculated as follows:
At each time step, the vehicle speed and the corresponding load power and torque output of the propulsion machines can be calculated based on (8) and (10) . In this work, the urban dynamometer driving schedule (UDDS) drive cycle is considered for our analyses. UDDS drive cycle is an urban route of 7.45 miles with frequent stops. The maximum and average speeds of the UDDS are 56.7 and 19.6 mph. The duration of the cycle is 1369 s [19] . The speed and calculated load power profiles for the UDDS are shown in Fig. 3 .
B. Power Split Among Propulsion Machines
The power split optimization is formulated to minimize the total power loss. The efficiencies of M1 and M2 are denoted as η 1 and η 2 , as a function of the motor rotational speed and demand torque, respectively,
Here, {η i (k), i = 1, 2} is the propulsion machine efficiency at each time step k = 1, 2, . . . , N. N is the length of the drive cycle. ω(k) is the rotation speed of the two motors. τ (k), τ 1 (k), and τ 2 (k) are the total demand torque, the torque on M1, and the torque on M2, respectively. Based on the propulsion machine efficiencies, given in (11) and (12), the power loss in M1 (P loss,1 ) and M2 (P loss,2 ) can be calculated using (13) for propulsion mode (with positive torques) and regenerative braking mode (with negative torques)
where i = {1, 2} denotes the two propulsion machines, and P loss,i (k) is the power loss of each propulsion machine. In this power split problem, the two propulsion machines should work in their operation range and meet the total torque demand. These requirements are formulated as the following constraint equations:
where τ 1 min and τ 1 max are the minimum and the maximum torques of M1. τ 2 min and τ 2 max are the minimum and the maximum torques of the M2. The objective of this power split optimization problem is formulated as (17) to minimize the total power loss on the propulsion machines
where P e, loss (k) is the total power loss as the sum of the power losses in both propulsion machines. The optimization problem is solved as follows. At each time step, the corresponding demand torque τ (k) and the motor speed ω(k) are known. At any motor speed, the feasible torque range (τ min , τ max ) for both M1 and M2 are known according to their torque-speed curves. For any given values of τ 1 (k) and τ 2 (k) in the feasible torque range, the efficiencies of these two motors can be obtained from their efficiency maps. Hence, the power losses at this torque split (τ 1 (k), τ 2 (k)) can be calculated. By minimizing the power losses, the optimal torque split (τ * 1 (k), τ * 2 (k)) for M1 and M2 are determined. The flowchart of the algorithm is shown in Fig. 4 .
C. Complementary Propulsion Machines For Power Split Problem
As mentioned in Section II-D, two complementary propulsion machines are used in this work. The high-efficiency operation regions of these two machines are shown in Fig. 5 . M1 has higher efficiencies at low torques, while M2 has higher efficiencies at high torques. By implementing the power split control strategy, the two-propulsionmachine powertrain can be operated at high-efficiency regions under various load conditions.
IV. POWER SPLIT IN HESS
A convex optimization problem for power split is formulated to minimize both the magnitude and the variations in the battery power, even though the power flow in the proposed powertrain is bidirectional; however, considering propulsion mode, the most common power flow directions are shown in Fig. 6 .
In this topology, both the battery and UC pack are directly connected with the inverter. Therefore, the input voltage requirements of the inverters set constraints on the battery/UC terminal voltages and their sizes. The UC is sized to guarantee the safe operation of its corresponding inverter when the UC voltage drops to its minimum operation voltage.
The formulated problem is given in the following equations:
subject to
where P dc is the dc/dc converter power, P uc is the UC power, and P Bat is the battery power, respectively. P max Bat , P min Bat , P max UC , and P min UC are the maximum discharging and charging power from the battery and UC, respectively P max dc . is the maximum input power from dc-link 1 to dc-link 2 through dc/dc converter and P min dc is the maximum power flow for the opposite direction. The input power of inverter-1 and inverter-2 are denoted as P E1 and P E2 . It should be noted that due to bidirectional power flow, the values of P dc , P uc , and P Bat could be positive or negative. In the objective function of (18), a and b are the tradeoff factors of the two cost functions. One cost function is to minimize the battery power magnitude and the other one is to minimize the battery power variations. Here, a and b are as follows:
Here, P max Bat,diff is set to the maximum allowed variation of the battery power. In this way, the two cost functions are normalized. This normalized objective function is a quadratic function, and the equality constraints shown in (19)-(24) are convex. Thus, this optimization problem is a convex optimization problem. The CVX toolbox [18] in MATLAB software is utilized to efficiently solve the optimization problem. By solving this convex optimization problem, we obtain the optimal solution for the battery power P Bat , the UC power P uc , and the dc-dc converter power P dc .
V. CASE STUDY
In this section, a single-propulsion-machine and a twopropulsion-machine powertrain structures are investigated. In the single-propulsion-machine powertrain, either motor M3 or motor M4 is used; in the two-propulsion-machine powertrain, both motor M1 and motor M2 are used. Here, the motors M3 and M4 have the same power rating, but they have different characteristics. M3 is preferable to operate under high-torque while M4 is preferable to operate under highspeed conditions. To make a fair comparison between the single-propulsion-machine powertrain and the two-propulsionmachine powertrain, the addition of power ratings of M1 and M2 is almost equal to the M3 or M4 power ratings. The properties of the propulsion machines are provided by Argonne National Laboratory (ANL)'s Autonomie software with four propulsion machines' specifications given in Table IV . These propulsion machines are all permanent magnet synchronous motors (PMSM).
The battery-only ESS and battery/UC HESS are also investigated in this work. Therefore, six different cases are investigated in this work as shown in Table V .
The specifications of battery and UC are given in Tables I  and II , respectively. In cases 4-6, an additional dc/dc converter is considered with the weight of 30 kg [20] . The weights of these six powertrain systems are given in Table V . Packaging factor for UC and battery pack is assumed to be 1.2 [21] . 
A. Power Split in Propulsion Machines
In cases 3 and 6, the two-propulsion-machine powertrain is utilized and the proposed power split strategy is applied. The power split results are shown in Fig. 7 .
As shown in Fig. 8, M1 operates alone to provide the lowto-median torques, while both M1 and M2 operate to share the high torques to achieve the optimal overall efficiency.
To compare the propulsion machine efficiencies for the single-propulsion powertrain and the two-propulsion-machine powertrain, we investigate the efficiency results in cases 1-3. The propulsion and regenerative braking efficiency results for cases 1-3 are summarized and presented in Section V-C.
The maximum efficiencies for both the two propulsion machines M3 and M4 are around 96%. However, for the propulsion machines used in the two-propulsion-machine topology, M1 can reach a high efficiency of 96%, while M2 can only have a maximum efficiency of 94%. Nevertheless, combining the complementary propulsion machines of M1 and M2 results in higher overall efficiency in comparison to using the singlepropulsion-machine topology. The simulation results, under the UDDS drive cycle, show that the average efficiency of the proposed two-propulsion-machine powertrain is improved by 2%-11% in propulsion mode and by 2%-5% in regenerative mode in comparison to the single-propulsion-machine powertrain structure with a battery-only ESS.
To present a closer investigation of the operation efficiency, single-propulsion-machine powertrain and two-propulsionmachine powertrain operation efficiencies during the UDDS drive cycle are shown in Fig. 8 .
With the proposed power split control strategy, the power losses in the two-propulsion-machine powertrain are reduced by 55.61% in comparison to the single-propulsion-machine structure with M3 (UQM150), and it is reduced by 18.35% in comparison to the single-propulsion-machine structure with M4 (Lexus). The power loss results are shown in Fig. 9 .
Using different propulsion machine combinations, the total powertrain weight is different as shown in Table V . The all electric range (AER) is inversely proportional to the total weight of the vehicle. In case 3, the total weight of the powertrain is 23 kg less in comparison to case 1 and 25 kg heavier in comparison to case 2. With a heavier powertrain, the AER will be reduced. With the proposed power split control strategy, the two-propulsion-machine powertrain improves the powertrain efficiency in comparison to the single-propulsion-machine powertrain as given in Table VI. With improved powertrain efficiency and reduced power losses, the AER can be extended. According to the simulations, case 3 has 27% and 4% higher AER in comparison to cases Table VII .
B. Power Split in HESS
In cases 4-6, a battery/UC HESS is utilized. The simulation results for HESS power split are shown in Fig. 10 for case 6. The maximum power of dc/dc converter is 35 kW under the UDDS drive cycle.
In the problem formulation given in (21), the UC SoC is limited to 50%-100%. As shown in the simulation results, the UC SoC is varying within a small window between 73% and 88% for this urban drive cycle. For more aggressive driving scenarios with frequent stop-and-go, the UC can potentially have larger SoC variations to provide fast acceleration and also recover more regenerative braking power during deceleration. It can also be observed that both the peak power and the variation in the battery power are reduced. The battery power magnitude is reduced by 58.44% in comparison to the battery-only ESS, as shown in Fig. 11 .
In order to estimate the battery lifetime extension, a battery degradation model given in [22] is utilized. In this model, the temperature, the depth-of-discharge (DOD), and the C-rate effects on capacity loss are considered. A daily commute is assumed to be equal to five consecutive UDDS drive cycles with the total mileage as 37.25 miles. This simplified daily drive model is applied to the physically justified empirical model [22] for a long-term estimation of the battery lifetime. This long-term estimation under this simplified daily drive model may compromise the estimation accuracy; however, it reflects the relative battery aging difference between different cases, which is meaningful for a comparative analysis of the battery lifetime. It is estimated that the battery end-of-life (EOL) is 10.39 years for a battery-only ESS and 18.75 years for a battery/UC HESS under the same drive cycle and daily commute assumptions. Thus, using the proposed power split strategy in the battery/UC HESS, the battery lifetime is estimated to have an 82.1% extension.
C. Case Comparison
The AER and the battery EOL estimation are listed in Table VII for all six cases.
According to Table VII , there is an approximate 5% decrease in AER when utilizing the additional UC component in the ESS due to the increased weight. There is no significant reduction in AER between cases 1 and 4 as M3 has better efficiency at higher torque demands, which compensates for the AER reduction effect due to the increased weight. Generally, the cost of installing two small propulsion machines might probably be higher than using one large propulsion machine. However, using two smaller propulsion machines can effectively utilize the space under the hood. In addition, a combination of two complementary propulsion machines shows advantages of higher reliability, increased AER, and higher powertrain efficiency, which have additional cost benefits. For example, the cost benefit of a 27% extension in the EV AER could be evaluated as an equivalent cost saving of a 27% increase in the battery capacity, assuming that a Tesla Model S battery pack is used.
VI. CONCLUSION
In this paper, an EV powertrain model with two propulsion machines is investigated. Furthermore, a power split control strategy is proposed to split the load power with the objective of minimizing the total power loss. Thanks to the complementary efficiency maps and the proposed power split control strategy, the proposed two-propulsion-machine powertrain can achieve up to 11% improvement in the propulsion efficiency and up to 5% improvement in the regenerative braking efficiency under the UDDS drive cycle, in comparison to the singlepropulsion-machine structure. Hence, 4%-27% AER extension is achievable in the proposed topology in comparison to the single-propulsion-machine topology.
In addition, the battery lifetime could potentially be extended from 10.39 to 18.75 years through the hybridization with a 6.76-F/0.42-kWh UC pack using the proposed power split control strategy based on convex optimization. With the UC pack and a dc/dc converter, the HESS weight is increased by 104.6 kg, which may results in a 5% AER reduction. In this work, this AER reduction is compensated by utilizing a two-propulsionmachine topology as the proposed topology can extend AER by 4%-27%. To bridge the gap between the simulation and the final system construction, our future work will include a realtime hardware-in-the-loop (HIL) verification. The HIL testing will be used to validate the control results in a straightforward way, prior to final system development and implementation. 
